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Abstract 
A detailed quantitative model for the strengthening of monolithic alloys and composites due to 
precipitation strengthening, solution strengthening, grain and subgrain strengthening, strengthening 
by dislocations and load transfer to ceramic inclusions is presented. The model includes a newly 
derived description of the effect of a precipitate free zone (PFZ) around the reinforcing phase 
incorporating strain hardening of the PFZ. The model is successfully applied to model the 
experimental data for the proof strengths of four Al-Li-Cu-Mg type alloys and composites aged to 
obtain a wide range of microstructures and all strengthening contributions are quantified. It is 
shown that PFZ formation in the 8090 MMC causes a drastic reduction in the proof strength (about 
100 MPa), but it has little influence on the time required for peak ageing. In all alloys strengthening 
due to GPB zones is more important than strengthening due to δ' (Al3Li) phase. 
 
1. Introduction 
 
The modelling of strength in precipitation hardened alloys goes back to 1940s with ground braking 
work by Mott and Nabarro [1] and Orowan [2]. More recent substantial contributions in this field 
are for instance those by Ardell [3] and Nembach and Neite [4]. In materials with added ceramic 
reinforcement, load transfer between matrix and reinforcement additionally strengthens the 
resulting composite. For the modelling of this type of strengthening Eshelby’s work [5,6] in the 
1950s has proved to be an important starting point. Similarly, other strengthening mechanisms, like 
grain strengthening, dislocation strengthening and solid solution strengthening, have been the 
subject of earlier work (see e.g. Refs. [7,8,9,10,11,12,13,14] and references therein). Hence, a 
considerable body of work on modelling of strength in alloys and composites exists and one of the 
main challenges for materials scientists today is the merging of the models for the different 
strengthening contributions to arrive at a detailed description of the strengthening in complex alloys 
and composites on the basis of microstructural observations. This type of complex strength 
modelling has been performed, to varying degree of detail, for several monolithic precipitation 
hardened alloys [11,15,16,17,18], but a detailed model of strengthening in precipitation hardened 
metal matrix composites (MMCs) has not been reported to date.  
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The goal of the present paper is threefold. Firstly, we want to construct a detailed and generally 
applicable model for strengthening in heat treatable MMCs. As indicated above, many components 
of such a model have been presented before in the literature but, as will be shown, a new model of 
the interaction between precipitation and ceramic reinforcement is necessary to obtain a detailed 
constitutive model for MMCs. The second goal is the merging of the strengthening model with 
kinetic models for the evolution of microstructure during ageing of precipitation hardened alloys. 
The third aim is to compare the model predictions with measured proof strengths of MMCs based 
on a complex precipitation hardened alloy system. For the latter the 8090 (Al-Li-Cu-Mg-Zr) Al-
based alloy system is chosen. This alloy system is especially suited for a thorough investigation of 
the generally applicable model for strengthening in heat treatable MMCs (presented in section 3) as 
it contains most, if not all, of the complex microstructural elements that influence strengthening in 
complex commercial alloys and their MMCs.  For instance, precipitation strengthening in 8090 
MMCs contains contributions from modulus hardening, order hardening and dispersion hardening 
mechanisms, whilst load transfer is influenced by the formation of a precipitate free zone (PFZ) 
around the reinforcing particles. In the companion paper [19] the development of the 
microstructures of 4 reinforced and unreinforced Al-Li-Cu-Mg-Zr alloys during ageing was 
analysed and modelled.  In the present paper these results are used to model and predict the strength 
of the reinforced and unreinforced Al-Li-Cu-Mg-Zr alloys at various stages of the ageing process.  
 
In the strength modelling approach adopted in the present paper, the strengthening of MMCs and 
monolithic alloys are ascribed to five mechanisms: 
1) Precipitation strengthening. 
This involves strengthening of grains due to precipitates. In the case of the present Al-Cu-Mg-Li 
alloys the strengthening precipitates are GPB zones, δ' (Al3Li) phase and S' (Al2CuMg) phase 
[20,21], with a small contribution due to β' (Al3Zr) dispersoids [12]. 
2) Solution strengthening. 
This involves strengthening of a phase due to dissolved atoms. In the case of our Al-Cu-Mg-Li 
alloys this involves strengthening of the Al-rich phase by dissolved Li, Cu and Mg atoms. 
3) Grain and subgrain strengthening. 
This involves the strengthening due to hampering of dislocation movement by the presence of 
(sub-) grain boundaries. 
4) Dislocation density. 
This involves the strengthening of the Al-rich phase grains due to impeding of dislocation 
movement by the presence of dislocations, which have formed as a result of prior plastic 
deformation. In MMCs the main cause for prior plastic deformation is the misfit of ceramic 
inclusions after heat treatment, which results from the difference in thermal expansion of matrix and 
ceramic inclusion. 
5) Load transfer between matrix and reinforcement in MMCs. 
Load transfer between matrix and reinforcement results from the different stiffness of these two 
main phases. In MMCs the ceramic reinforcement is generally stiffer than the matrix and thus, on 
deformation, stresses in the ceramic reinforcement will be larger as those in the matrix. 
 
For most of these strengthening mechanisms a range of theoretical expressions are available in the 
literature. For the present paper an extended assessment of the literature has been performed and the 
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expressions that appear to have been most successful will be presented in section 3. They will be 
used in assessing the strengthening of the present MMCs and monolithic alloy. For some 
strengthening mechanisms no expressions are available from the literature and these cases new 
models have been derived to deal with these strengthening mechanisms. The latter is the case for 
the strengthening due to load transfer in the presence of precipitate free zones (PFZs) around the 
reinforcement (section 3.7). The comparison between experimental data on yield strength of the 
four alloys and the model predictions is presented in section 4.  
 
 
2. Experimental 
 
The alloys were produced as hot rolled sheet via a powder metallurgical route (see Refs. [22,23]). 
Details on production route, compositions and heat treatments are given in the companion paper 
[19].  The grain sizes and PFZs were studied by TEM [19].  
 
 
3 Modelling of strengthening in alloys and MMCs 
 
3.1 Strengthening of grains by precipitation. 
 
Crystals under a shear stress deform by the movement of dislocations. The presence of precipitates 
in a crystal can strengthen a crystal by impeding the movement of dislocations. The strengthening 
effect depends on the force needed to shear the obstacles (precipitates), and their density. In this 
paper we will use well known expressions of strengthening in crystals as presented for instance in 
Refs. [3,15,24]. Several strengthening mechanisms need to be considered [3]: 
a) Dispersion strengthening 
b) Order strengthening 
c) Stacking fault strengthening 
d) Modulus hardening 
In the following we will consider the mechanisms by which the precipitates in our alloys contribute 
to the strengthening of the grains and present the equations which quantify these contributions. 
 
3.1.1 δ' phase strengthening 
 
Although, in principle, δ' phase can strengthen the Al grains via various precipitate strengthening 
mechanisms, it has been established that in all practical cases order hardening is the dominant factor 
[12,15]. The strengthening due to an ordered phase like δ' phase depends on the way the 
dislocations interact with the precipitate, and several slightly different expressions for this type of 
strengthening have been proposed in the literature [3,15,18,25,26,27,28]. In the underaged state the 
generalised form for these expressions is: 
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where γapb is the anti phase boundary energy on {111} planes, f is the volume fraction of 
precipitates, r  is the average radius of the precipitates, B is a constant which depends on the type 
interaction between dislocations and precipitate and Γ is the line tension, which can be calculated 
using the expressions presented in Refs. [3,15] (using the so-called Friedel spacing [3,15]). In 
publications on strengthening due to δ' phase B has been argued to equal either -1 [15,16], 0 [27,28] 
or 2.5 [26]. In published comparisons of the resulting expressions with experimental data, γapb is 
treated as a fittable parameter and thus the value of γapb will depend on the choice for B. For our 
present purpose it is important to note that several combinations of B and γapb can yield similarly 
good descriptions of the CRSS of δ' phase strengthened Al-Li alloys, and thus the value chosen for 
B will not have a significant influence on the accuracy of the present model. We will base our 
analysis on the expressions presented in Refs. [27,28], which yield good fits to measured CRSS of 
Al-Li single crystals and which appear to be consistent with the physics of the interaction between 
dislocation and precipitate [27,28].  Adopting the value of γapb for binary Al-Li from Ref. [27] can 
introduce some level of error into the model as for the 8090 alloys as minor amounts of Mg may be 
incorporated in the δ' phase [29] and alter γapb. We will estimate that this introduces an uncertainty 
of about 10% in the value for γapb. (The addition of 0.4wt% Ag to Al-Li appears to increase γapb by 
about 8% [28].)  
 
For precipitates in an underaged state the appropriate expression for order hardening is: 
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When precipitates are relatively large and strong and the alloy is near its peak aged condition the 
above “weak obstacle” treatment is no longer valid and the appropriate “strong particle” expression 
for order hardening is [28]: 
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For our 8090 alloy the change-over (Δτord,ua=Δτord,pa) is at about rδ' =21nm. 
 
The change-over from the weak particle to the strong particle regime is relatively abrupt [28] and 
hence the total strengthening due to order hardening can be obtained to a sufficient accuracy by: 
 { }paorduaordord Min ,, , τττ ΔΔ=Δ  (4) 
 
The δ' sizes in our alloys are within the range of sizes for which Eq. 1 has been verified for binary 
Al-Li alloys [27,28]. 
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3.1.2 GPB zone strengthening 
 
GPB zones are generally considered not to be ordered and hence order hardening is not applicable. 
Instead GPB zones are thought to strengthen crystals mainly as a result of modulus strengthening 
(see also Ref. [12]).  Modulus hardening is a difficult strengthening mechanism to deal with 
theoretically [3], leading to quite complex expressions. At present we will adopt the very much 
simplified treatment by Cartaud et al [30] (see also Ref. [12]) according to which the strengthening 
due to difference in shear modulus is approximated by: 
 
Δ Δτ πmod =
G
f
4 2
 (5) 
 
where ΔG is the difference in shear modulus between zones and surrounding metallic phase. The 
shear modulus of GPB zones, GGPB, is estimated to equal the average of the moduli of Mg, GMg, and 
that of Cu, GCu (see also Ref. [12]): 
 
G
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GPB
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2
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The assumption (implied in Eq. 5) that strengthening due to the zones is independent of the size of 
the zones differs from other, more complex models (see e.g. Refs. [3,31]), but some theoretical 
justification may be found in the rather weak size dependency obtained in the modulus hardening 
model due to Nembach [31].  The accuracy of these simplified expressions for prediction of 
strengthening due to GPB zones will be further discussed in section 4.1, where they will be 
compared with experimental data for ternary Al-Cu-Mg alloys. 
 
3.1.3 S' phase strengthening 
 
S' precipitates are rod shaped particles with a very high length to diameter ratio (>10) and a cross-
section that is approximately circular [19]. They are aligned along Al <100> directions and, hence, 
dislocations which move mainly on {111} planes will effectively experience the S' precipitates as 
an obstacle which is nearly equiaxed. After 1 h or longer ageing at 170°C the diameter of S' 
precipitates observed in the present alloys are generally larger than the critical diameter for shearing 
of S', which is about 2 nm [32], and thus they will be looped via the well-known Orowan looping 
mechanism.  Smaller diameters of S' generally coincide with near to negligible S' volume fractions, 
and hence this mechanism is appropriate for describing the strengthening due to S' precipitates for 
our alloys in the heat treated conditions studied. 
 
For equi-axed particles the strengthening is due to dispersion strengthening and the appropriate 
strengthening contribution is given by [33]: 
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where d is the diameter of the precipitates. We will assume that this equation is a valid 
approximation for S' strengthening and take d as the diameter of the S' rods. 
 
3.2 Strengthening of grains by dissolved atoms. 
 
For solution strengthening a number of different models have been proposed. Following the work 
by Gomiero et al. [12] we will here use a description that takes account of size effects, modulus 
effects and short range order (SRO) effects. 
 
Strengthening due to the size effect of dissolved atoms is given by: 
 
 3/23/43/1, )1.0(2 cG sizesizesol ετ =Δ  (8) 
 
where c is the solute concentration, values for εsize are given in [12]. Strengthening by dissolved 
atoms due to the modulus effect is given by: 
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values for ηmod are given in [12]. Strengthening due to short range order of dissolved atoms is given 
by: 
 
 Δτ sol SRO SROc cb A,
( )= −1
3 3
 (10) 
 
where ASRO is a parameter depending on nearest neighbour interaction parameters and Warren-
Cowley parameters, details of the calculations of these parameters in presented in [12,34].  
 
As Cu and Mg have exactly opposing size effects they will tend to cluster when both types of atoms 
are present in the Al-rich phase. Hence for calculation of the solution strengthening contributions 
the effective concentrations of Cu and Mg in the Al-rich phase equal 0 and (xMg-xCu), respectively. 
The latter three equations indicate that for the present alloys only solution strengthening due to Mg 
is truly important (Δτsol~10MPa, mainly due to the size effect) with solution strengthening due to Li 
(Δτsol~3MPa) and Cu (Δτsol<0.5MPa) being small to totally insignificant.  
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3.3 Superposition of the grain strengthening mechanisms. 
 
If two or more types of strengthening obstacles are present in a grain, the total CRSS of the grain 
will be a superposition of the strengthening of the individual types of strengthening obstacles. A 
general approximation for the strengthening in a grain due to N obstacles, 1,2,3 … N, is (see also 
Refs. [16,18,24]): 
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Thus the superposition problem is reduced to finding the values for q that are appropriate for the 
superposition of a different sets of obstacles.  Below, we will discuss the available data for the q 
values that are relevant to our alloys, starting the superposition of strengthening due to precipitates. 
 
Fits to computer simulations [35] of particle-dislocation interactions in materials containing groups 
of obstacles with differing strengths have shown [24] that for strengthening due to two types of 
obstacles which have equal strengths, the above equation with q = 2 gives a good description of the 
overall strengthening. However, when the obstacle strength of the precipitates is different but of the 
same order of magnitude, q can vary between about 1.4 and 2, depending on the ratio of the 
strengths of the obstacles [16]. It has been shown [16] that for the superposition of T1 and δ' 
precipitate strengthening in underaged Al-Li-Cu type alloys q = 1.4 generally yields the most 
consistent results. This value of q is consistent with the mentioned computer modelling as in the 
underaged Al-Li-Cu the obstacle strength of T1 is consistently greater than the obstacle strength of 
δ' [16].  In the case of our Al-Li-Cu-Mg alloys the δ', β' and S' strengthening precipitates have 
similar strengths but the strength of the GPB zones is much lower. Hence, to obtain a realistic 
superposition of the strengthening due to these 4 precipitates/zones at least two different values for 
q are necessary: q for superposition of strengthening contributions due to precipitates (δ', β' and S'), 
qppt, and q for superposition of precipitate and zone strengthening, qzone. The relative strengths of the 
3 types of precipitate will vary with ageing time, which will cause qppt to vary with ageing time. 
Taking account of these complicating factors will cause the model to become prohibitively 
convoluted and hence it is assumed that superposition of precipitate strengthening can be 
approximated using one single value of qppt. Following the work on the superposition of T1 and δ' 
precipitate strengthening in Al-Li-Cu type alloys [15,16] qppt = 1.4 will be used throughout.  This 
simplifying assumption will cause some variation in the accuracy of the model.  As a rough 
indication it is estimated that qppt varies by 20% either side of the average value and this leads to 
variation in the predicted yield strength of up to ±22 MPa (about 5% of the total yield strength) for 
the monolithic 8090 alloy and the 8090 MMC close the peak aged condition. 
 
The strength of GPB zones is very much lower than the strength of the precipitates and hence qzone 
should be lower than qppt . It is thought that qzone is approximately equal to the value of q for 
superposition of dissolved atoms and L12 ordered precipitates which equals 1.23 [4]. This 
superposition will yield totzp ,&τΔ , the total increase of CRSS due to precipitates/zones. Also here 
the simplifying assumption will cause some variation in the in the accuracy of the model.  As a 
rough indication it is estimated that qzone varies by 10% either side of the average value and this 
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leads to variation in the predicted yield strength of up to ±13 MPa for the monolithic 8090 alloy 
close the peak aged condition. The MMCs contain very little GPB zones and, as a result, variation 
of qzone will have very little influence (less than 7 MPa variation in yield strength). 
 
For solid solution strengthening several types of superposition combined with various expressions 
for solution hardening have been proposed (e.g. [14]). However, solution hardening in our alloys is 
limited as compared to other contributions to the CRSS, and for the superposition of solid solution 
strengthening a linear superposition, i.e. qss=1, is justified. This yields totsol ,τΔ  , the total increase of 
CRSS due to dissolved atoms. In this superposition of solution strengthening we will also take 
account of the CRSS of pure Al which is estimated to be 4 MPa (the yield strength of 99.99% pure 
Al is 10 MPa [36]). 
 
Dissolved atoms represent much weaker obstacles as compared to precipitates. Hence for 
superposition of solid solution and precipitate strengthening, q is expected to be close to unity. For 
a Ni-based superalloy, which, similar to Al-Li based alloys, contain L12 ordered precipitates, qss&ppt  
has been found to equal 1.23 [4]. Other researchers [18,26,37] have used this value in successful 
analyses of strengthening in binary Al-Li alloys and we will adopt this value of qss&ppt  for the 
present Al-Li-Cu-Mg alloys. The superposition will yield sszp &&τΔ , the total increase of CRSS due 
to precipitates, zones and dissolved atoms. If qzone varies by 10% either side of the average value 
and this leads to variations in the predicted yield strength of up to ±13 MPa.  
 
3.4 Deformation of polycrystalline materials and texture. 
 
3.4.1 Deformation of polycrystalline textured monolithic alloys. 
 
In monolithic polycrystalline materials each grain will in principle have a different orientation and 
plastic deformation of the alloy will occur through plastic deformation of the individual grains by 
slip on specific slip systems. In the absence of other strengthening mechanisms, the (macroscopic) 
yield strength of a polycrystalline metal has been related to the CRSS of the crystals via various 
models [38,39,40,41]. In these approaches the (macroscopic) yield strength can generally be related 
to the CRSS by an equation of the type: 
 
toty M τσ Δ=  (12) 
 
Where M is a constant (sometimes referred to as the Taylor factor). The lower bound solution for M 
is obtained from the Sachs model [38] in which plastic deformation in a single slip system is 
considered (i.e. slip is heterogeneous). This single slip can only be achieved by relaxing the 
constraint of similar deformation of the grains and thus individual grains are allowed to deform 
differently. In texture free FCC materials the Sachs model gives MS = 2.24. In the Taylor model 
[39] each grain is assumed to deform in the same manner and consequently slip is homogeneous, 
i.e. slip occurs in several slip systems (at least five independent ones). In texture free materials the 
Taylor model gives the upper bound solution for M (for texture free FCC metals: MT = 3.07) 
[42,43]. Self-consistent models, like the one due to Hutchinson [40], indicate that on average about 
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3.5 slip systems are active and yield intermediate values for M. For texture free FCC metals 
Hutchinson’s model gives M ≅ 2.6 [41]. 
 
Work on the yield strength anisotropy of solution treated and aged monolithic 8090 alloys [42] has 
indicated that for the underaged condition the Sachs model is most appropriate for modelling the 
strength whilst in the peak aged and overaged conditions the yield strength anisotropy is 
intermediate between the Taylor and Sachs model predictions. In correspondence with this it has 
been shown that in underaged Al-Li-Cu-Mg alloys, grains deform in a heterogeneous manner via 
the formation of slip bands, whilst the S' formed in later stages of the ageing acts to cause a more 
homogeneous deformation [44]. In the present work we will incorporate this change from 
heterogeneous to homogeneous slip in a simplified manner by assuming that the effective M is an 
average of MT and MS weighted by the strengthening contributions due to S' and δ': 
 
δ
δ
ττ
ττ
′′
′′
Δ+Δ
Δ+Δ=
S
SST MMM  (13) 
 
where MT is M according to the Taylor model and MS is M according to the Sachs model. Generally, 
rolled (or extruded) alloys will have a specific rolling texture, which will influence the strength of 
the alloys through variation of MT and MS. The textures of various rolled and flat extruded 
monolithic 8090 alloys have been characterised in various investigations [42,45,46,47], and all 
show similar relative densities of the three dominant texture components copper, brass and S, with 
minor contributions from Goss and cube textures. Following the weighting methods for texture 
components outlined in Ref. [42] combined with data in Refs. [46,47] it is calculated that for hot 
rolled monolithic 8090 sheet MT = 3.2 and MS = 2.55. For the present rolled, solution treated and 
aged monolithic 8090 alloy this procedure yields M values between 2.85 and 2.95. 
 
3.4.2 Deformation of polycrystalline MMCs. 
 
It is important to note that whilst the models mentioned in the previous section can be valid for 
certain specific types of deformation of monolithic polycrystalline alloys, these models can not be 
assumed to be valid for MMCs. As a specific example it is pointed out that the assumption of 
similar deformation of the crystals as made in the Taylor model can not be valid in MMCs because 
local differences of the positions of the ceramic inclusions relative to the individual grains will 
cause deformation of each grain to be different. Hutchinson [40] extended his model to composites 
by considering a grain surrounded by material which has isotropic elastic properties corresponding 
to the average elastic properties of the composite. However, it was pointed out [40] that the validity 
of this model for real composites is not clear, given that the deformation in the soft metal is 
dominated by the local stress fields around the hard reinforcing particles.  
 
To our knowledge no models for deformation of polycrystalline MMCs which takes account of both 
multi slip on crystallographic planes, as well as inhomogeneous stress related to the distribution of 
the reinforcing phase, exists. However, in a qualitative manner it can be argued that the M value of 
the Sachs model is the most appropriate one for this case (see Section 4). As texture in rolled and in 
  10
extruded 8090 MMCs is weak [45,47], and will have a negligible effect on the proof strength, MMMC 
should equal 2.24. 
 
3.5 Grain and subgrain strengthening 
 
Grain and subgrain strengthening can be estimated using Hall-Petch type relations (see e.g. Refs. [7, 
48]). The recrystallised grain size in MMCs can generally be estimated by assuming that each 
reinforcing particle acts as nucleus for one recrystallised grain. Following Ref. 7 the strengthening 
contribution of the grains in the MMCs is estimated at 25 MPa. The strengthening in the monolithic 
alloy is mainly due to subgrains, because recrystallised grains are relatively large. The 
strengthening contribution is estimated at 10 MPa. 
 
3.6 Strengthening by dislocations. 
 
In MMCs generally a high dislocation density, ρd, is present as a result of plastic deformation of the 
metal around misfitting ceramic inclusions. In heat treated MMCs misfit is due to the different 
coefficient of thermal expansion (CTE), α, of metal and ceramic inclusion. This type of 
strengthening is generally estimated using (see also Refs. [7,49,50]): 
 
2
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dT b ρμσ α =Δ ΔΔ  (14) 
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where B is a constant which depends on the shape of the particle, d is the smallest dimension of the 
particles, Δα is the difference in thermal expansion (2 10-5 K-1) and ΔT is the temperature drop 
during the quench from the temperature at which dislocation annealing is effectively stopped to the 
final temperature of the quench (often room temperature). For B values in the range of 4 to 12 for 
elongated rectanguloid particles to 17 for spherical particles have been proposed by various authors 
[7,8,9,51]. The particles in the present MMCs are irregularly shaped and angular and hence 
resemble mostly the rectanguloid particles. For our estimate we will use B ≅ 10, ΔT ≈ 300°C and d 
≅ 2 μm which yields: TΔΔΔ ασ ≈ 35 MPa. 
 
3.7 Strengthening of MMCs due to load transfer 
 
3.7.1 Load transfer - homogeneous matrix strength 
 
For the case of a matrix with homogeneous strength, the load transfer to reinforcing particles can be 
estimated either from shear lag (SL) type models [52,53,54] or from established Eshelby theory 
(see e.g. Ref. [10]). The former considers cylindrically shaped inclusions whilst the latter considers 
ellipsoid inclusions. For short fibres, older SL type models [54] predict load transfers which are 
much lower than the Eshelby model (see Ref. [55]), and until recently Eshelby models were 
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preferred over SL type models. Recently, it was shown that the SL model can be modified to obtain 
a new SL type model (termed the SSSL model) which predicts stress transfers that are much more 
in line with Eshelby model predictions, whilst it also fits well to experimental data on the Young’s 
modulus of composites [55].  Hence, in the present work, we will use the SSSL model presented in 
[55]. 
  
Due to high load transfer to the reinforcement resulting from plastic deformation, MMCs have a 
high work hardening rate, and consequently the (0.2%) proof stress can be considerably higher than 
the yield strength. In order to account for this “plastic stress transfer”, the corresponding strength 
increment, pstσΔ , is predicted by the Eshelby-type model presented in Ref. [10] is used. The latter 
work shows that pstσΔ  depends on fr, sr, elasticity constants and the plastic strain of the composite 
p
eε , and is estimated at about 20 MPa for the present Al-17vol%SiC MMCs. From Ref. [55] the 
expression for the proof stress is: 
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where E is Young’s modulus, ν is Poisson’s ratio, fr is the volume fraction of reinforcement, s is the 
aspect ratio; subscript m stands for matrix and r for reinforcement.  For the present composites 
(fr = 0.17, sr ≅ 1.5), the SSSL model predicts an increase of 19% of the total yield strength. 
 
3.7.2 Load transfer - case of PFZs 
 
On ageing of 8090 MMCs, zones devoid of δ' phase develop around the ceramic particles (see Fig. 
1, and Ref. [23]). It should be noted that although these zones are devoid of δ' precipitates, 
hardening of the zones can still occur as a result of S' precipitation. Hence, for 8090 MMCs, the 
term precipitate free zone (PFZ) refers to a zone which is devoid of δ' phase whilst S' formation is 
largely similar to that in other parts of the matrix. PFZs around a ceramic inclusion will have a 
reduced yield strength as compared to the matrix further away from the inclusion. On incremental 
straining (i.e. during tensile testing) of the composite this will cause premature yielding in the PFZ, 
which will reduce the transfer of load from the matrix to the ceramic inclusion. Hence, the 
development of PFZs will reduce the yield strength of a composite. In order to calculate this effect, 
we will adopt the simplified model for stress transfer in MMCs in the presence of a weak interface 
layer that was presented in Ref. [55]: 
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The derivation of the above equation was based on the SSSL model, i.e. it is a SL type approach. As 
large strains will develop in the PFZ strain hardening of this layer has to be taken into account. This 
is achieved by using the following theoretical expression of strain hardening [12,56,57]: 
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where dg is the grain size, fns is the volume fraction of non-shearable particles, K is the strain 
hardening factor and PFZy 0,σ  is the yield strength of the PFZ at zero pre-strain. 
 
 
Fig. 1 TEM micrograph of the 8090 MMC showing a zone denuded of δ' around a SiC particle. 
Dark field. 
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In applying the model to the 8090 MMC we will take PFZy 0,σ  as the modelled yield strength of the 
grains in the Al-1.5Li-Cu-Mg MMC. (Note that this means that PFZy 0,σ  will vary during ageing as a 
result of GPB zone and S' formation.) As the PFZ around the SiC particles is much smaller than the 
grains (i.e. there is no grain boundary in the PFZ), the grain boundaries will have no influence on 
strain hardening of the PFZ. Hence only the non-shearable S' and β' particles yield a significant 
contribution to K. From the average sizes and volume fractions of S' (see Ref. [19]) and β' (dβ' = 
20nm [23] and dβ' ≈ 0.08 vol%) it follows K ≈ 150 MPa. 
 
 
The growth of PFZs in the 8090 MMC has been analysed in detail in earlier work using TEM [23], 
and the growth of the PFZ is modelled using a square root law: 
 
2
1
2 tAd PFZ =  (21) 
 
where A2 is obtained by fitting data obtained for dPFZ [23] (A2 = 0.014μmh-½). 
 
 
4 Results and discussion 
 
4.1 Validation of the model - Comparison of predicted and measured yield strengths.  
 
In the model outlined in section 3 two types of parameters appear: model parameters (elastic 
constants, M, γapb etc.) and microstructural parameters (sizes, volume fractions, PFZ size etc.). The 
model parameters are largely independent of the alloy and heat treatment and the microstructural 
parameters need to be measured for each alloy and heat treatment. In evaluating the models for 
strengthening all but one of the model parameters have been adopted from validated values 
published in the literature, the exception being MMMC which, in the absence of literature data, is 
estimated from the Sachs model (2.24). We will indicate this set of parameters as the ‘preferred set’ 
or set #1. The microstructural parameters have been measured and analysed using TEM and 
quantitative DSC techniques [19,23].  It should be noted that at this stage of the evaluation no 
parameter has been fitted to the data for the present Al-Li-Cu-Mg based alloy and MMCs. A 
comparison of the predicted strengths with measured yield strengths is presented in Fig. 2 (for the 
individual alloys) and Fig. 3.  In evaluating the quality of the fits in these figures it should be noted 
that uncertainties in the parameters (especially the q parameters, see section 3.3) result in 
uncertainties in model predictions, the magnitude of which is indicated in Fig. 2. Uncertainties in 
measured yield strengths are typically about 10 MPa.  It is observed that in general, for all four 
alloys, a good correspondence between predicted and measured yield strengths is achieved and this 
indicates that that the presented model is essentially sound. The error bars indicate that differences 
between model predictions and measured data can be ascribed to the uncertainties in the model 
parameters, which mainly involves the values for q. The only sample for which a considerable and 
as yet unexplained difference between model prediction and measured proof stress if detected is the 
unaged 8090 MMC. (In the monolithic 8090 alloy aged for 7 days at 170°C both heterogeneously 
nucleated S' and homogeneously nucleated S' was observed. At this point it is assumed that for S' 
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strengthening in this alloy the size of the heterogeneously nucleated S' is the determining factor. 
This point is further discussed in section 4.2.) 
 
In the ‘preferred set’ of parameters (set #1) described above MMMC was taken as 2.24, the value 
predicted by the Sachs model. This value can be rationalised by considering the shear stresses that 
develop in the matrix of an MMC during uniaxial straining. These shear stresses will be largest at 
cones in the direction of the tensile axis with a particle at the centre. The surfaces of these cones 
will at several points be parallel or nearly parallel with one of the 111 planes and at these points 
localised shear on the 111 plane is expected to occur. Hence, the shear stresses that occur during 
uniaxial straining will promote the heterogeneous slip on single slip planes characteristic of the 
Sachs model. Hence the present choice of MMMC, based on the Sachs model, is thought to be correct. 
 
In order to isolate and assess the effect of specific elements of the model, additional model 
calculations with parameters different from our set of preferred parameters were performed, and 
resulting accuracies, in terms of chi-squared values, are presented in Table 1. (For chi-squared 
calculation, the accuracy of yield strength determinations is taken as 10 MPa, the accuracy of the 
model calculations depends on the accuracies of the model parameters as estimated in Section 3.) 
The first group of results (sets #2-5) in Table 1 investigates the consequences of the choice of a 
higher value for MMMC. It can be seen that for MMMC = 2.6 (according to Hutchinson’s model for a 
monolithic alloy) a reasonable performance of the model can only be maintained with 
unrealistically low values for the load transfer (sets #2-4). Combined fitting of all the M factors 
yield values of M close to those obtained for the preferred set of parameters (set #5). These results 
indicate that the present choice for MMMC , as well as for MT and MS is essentially correct. 
 
The part of the model dealing with PFZ development was further analysed by calculating model 
predictions assuming that PFZ development does not influence strengthening. This causes the 
predicted strengths for the aged 8090 MMC to be about 100 MPa higher than the measured ones, 
with an unacceptably high chi-squared (set #6-8 in Table 1). Data in Table 1 shows that changing 
other model parameters can mitigate some of this severe reduction in accuracy, but this can only be 
achieved by choosing unrealistically low values for MMMC and σAPB. From this it is concluded that 
the part of the model dealing with PFZ development, which was newly developed for the present 
work, is an essential part of the strength modelling of MMCs.  
 
The part of the model dealing with the superposition of the various contributions to the CRSS was 
further analysed by optimising the values of qzone and qppt (set #9 in Table 1). The resulting accuracy 
is only marginally improved by fitting these parameters and hence the slight deviation of the 
resulting values (qzone = 1.21 and  qppt = 1.56) from the ones in the preferred set is not significant. 
 
In a further assessment of elements of the model, the predictions of the present model for 
strengthening due to GPB zones are compared with available literature data on age hardening for 
several monolithic Al-Cu-Mg alloys [58,59,60]. The results of this comparison as presented in 
Table 2 show that the magnitude of the hardness increase during the first stage of hardening, which 
is due to GPB zone formation, can be predicted well (within about 15%) by the current model. 
(Small deviations may be ascribed to either incomplete GPB zone formation or small contributions 
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from minor amounts of S' precipitates.) Hence the present analysis of GPB strengthening which 
incorporates the estimated elasticity modulus of GPB zones GGPB, appears to be reasonably 
accurate. It is further noted that during artificial ageing of Al-Cu-Mg alloys the first rapid stage of 
hardening is followed by an extended period during which no significant hardening occurs [58]. For 
an Al-1.1at%Cu-1.7at%Mg alloy aged at 150°C this hardness plateau stretches from 0.3 to 100 h 
[58]. As coarsening of GPB zones is inevitable, this indicates that the hardening contribution of 
GPB zones is independent of GPB zone size, but instead only depends on the volume fraction of the 
zones (see also Ref. [61]). This is consistent with the simplified strengthening model for GPB zones 
(modulus hardening) adopted in the present paper (Section 3.1.2).  (It is further noted that in a 
monolithic Al-1.1at%Cu-1.7at%Mg alloy aged for 100 h at 150°C, i.e. just before the end of the 
hardness plateau, a dense distribution of very fine rod like structures is observed [58]. No 
conclusive identification of these structures was provided in Ref. [58]. The present interpretation of 
GPB zone hardening indicates that these structures must have a similar strengthening effect as the 
GPB zones. Hence they are either GPB zones or extremely fine, shearable S'.) 
 
The above analyses show that the comprehensive model presented in section 3 is sound, and that it 
is able to accurately predict the strength of MMCs and monolithic alloys over a wide range of 
strengths and microstructural conditions. To our knowledge this is the first time a detailed and 
validated model for strengthening in heat treatable MMCs is presented.   
 
 
 
Table 1: Accuracy of the model in terms of chi-squared for different combinations of parameters. 
The standard deviation in measured proof stresses was estimated as 10 MPa. 
 
 
parameter 
set 
based 
on 
modified parameters fitted parameters χ2  
      
#1  none none 1.30  
      
#2 set #1 MMMC=2.6 none 3.8  
#3 set #1 MMMC=2.6 load transf. 9%, ΔG = 4.5 GN 2.1  
#4 set #1 MMMC=2.6, load transf. 15% =Δ ΔΔ Tασ 25 MPa, ΔG = 5.0 GN 2.1  
#5 set #1 none MMMC=2.19, MT=2.96, MS=2.53 1.2  
      
#6 set #1 PFZyσ = ∞ none 4.5  
#7 set #1 PFZyσ = ∞, σAPB=0.05 MMMC=2.06 2.2  
#8 set #1 PFZyσ = ∞, σAPB=0.05, qppt=1 MMMC=1.82 2.9  
      
#9 set #1 none qzone = 1.21 and  qppt = 1.56 1.25  
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Table 2: Strengthening and/or hardening increment during ageing for to several hours at 130 to 
170°C for various Al-Cu-Mg based alloys. Model predictions for full precipitation of 
GPB zones are from the model described in section 3.  
*Vickers hardness is approximated using Δσy = 2.1 ΔHV. 
 
 
alloy (at%) Cu Mg ΔHV  Δσy (MPa) Ref. 
 (at%) (at%) meas model* meas model  
        
Al-1.1Cu-1.7Mg 1.1 1.7 32 39   [58] 
Al-1.4Cu-1.8Mg 1.4 1.8 44 41   [59] 
2024 1.8 1.4 35 42   [60] 
Al-1.7Cu-1.9Mg-0.4Mn 1.7 1.9   105 92 [22] 
        
 
It should be noted that the present work does not provide a direct evaluation of the accuracies of 
individual elements of the model, but rather shows that the elements can be integrated to form a 
detailed model applicable to a highly complex alloy. For example, whilst for order hardening by δ' 
we are here following the treatment by Park and co-workers [27,28], additional work (data not 
reported) has shown that adopting alternative B and γapb values used by Huang and Ardell [15,16] 
leads to fits to data that are largely indistinguishable. 
 
4.2 S' strengthening of monolithic 8090 and Al-Cu-Mg type alloys 
 
Throughout the previous section it was assumed that for S' strengthening in all alloys the size of the 
heterogeneously nucleated S' is the determining factor. However, after long term artificial ageing 
(several days at 170°C) of one of the four alloys studied - the monolithic 8090 alloy - also fine 
homogeneously nucleated S' appears [19]. This possible complication only affects one of the data 
points in Fig. 2 (the monolithic 8090 alloy aged for 168 h at 170°C). Moreover, Fig. 2 shows that 
the appearance of the homogeneously nucleated S' is not related to an acceleration (or deceleration) 
of the strengthening of the monolithic 8090 alloy, and overall S' strengthening can be described 
well by dispersion strengthening of S' with sizes obtained from the heterogeneously nucleated S'. 
Thus it is concluded that the presence of homogeneously nucleated fine S' precipitates in one of the 
alloys does not influence the analyses in the previous section. 
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Fig. 2 Experimental 0.2% proof strengths of the 4 alloys compared with i) predicted proof 
strengths based on measured microstructural parameters and  ii) predicted proof strengths 
based on microstructural parameters predicted by the model for kinetics of microstructure 
evolution, in Ref. [19]. 
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Fig. 3 Experimental 0.2% proof strengths of the 4 alloys compared the predicted proof strength 
based on measured microstructural parameters. 
 
 
The absence of a marked acceleration of strengthening on the appearance of the dense distribution 
of homogeneously nucleated S' precipitates clearly indicates that these fine S' precipitates are 
shearable. Thus, for monolithic 8090 alloys and monolithic Al-Cu-Mg alloys, in which similar dual 
S' precipitation has been observed, S' strengthening will be due to two different types of 
strengthening: dispersion strengthening by non-shearable heterogeneously nucleated S' and order 
strengthening by shearable homogeneously nucleated S'. The initial strengthening increase due to S' 
will be due to formation of the non-shearable heterogeneously nucleated S'. In later stages this type 
of precipitation will slow down due to competition for Cu and Mg atoms by homogeneously 
nucleated S', and precipitation of homogeneously nucleated S' will become the main source of 
continued strengthening of the alloy. Also coarsening of the two types of S' will influence 
strengthening: coarsening of heterogeneously nucleated non-shearable S' will reduce strengthening 
whilst coarsening of homogeneously nucleated S' will enhance resistance against shearing and 
hence strengthen the alloy. It is further important to notice that the introduction of dislocations via 
stretching after solution treatment will enhance the formation of heterogeneously nucleated S' at the 
expense of the homogeneously nucleated S'. 
 
4.3 Strengthening of 8090 type alloys and MMCs  
 
Having validated the model and its various elements in section 4.1 it is now possible to analyse the 
contributions of the different microstructural elements to the strengthening of 8090 type alloys and 
MMCs. In Fig. 4 the contributions of the various precipitates to the CRSS of the metallic matrix are 
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presented together with the total CRSS of the metallic matrix using the superposition expressions 
defined earlier. This figure shows that for the 8090 MMC the precipitate strengthening of the 
metallic matrix is dominated by S' whilst precipitate strengthening in the monolithic 8090 alloy is 
initially mainly due to GPB zones, with S' and δ' becoming important only in the later stages of 
ageing. Fig. 4 shows that for all samples, except for the overaged 8090 MMC, strengthening due to 
GPB zones is more important than strengthening due to δ'. This finding may appear surprising as in 
many publications on Al-Li-Cu-Mg type alloys (e.g. Refs. [45,23,62]) the strengthening due to 
GPB zones received little attention in comparison to δ' strengthening. It is worth reiterating that the 
modelling of strengthening due to δ' has been validated in various works [3,4,15,16,26], whilst the 
strengthening due to GPB zones was validated in the previous section. Hence the present analysis of 
GPB and δ' strengthening and their relative importance in 8090 alloys is sound.  
 
Fig. 4 shows that the maximum precipitate strengthening in the MMC is reached within about 2 
days of ageing at 170°C whilst the monolithic alloy strengthens at a much slower rate (the present 
model predicts peak strength to occur only after several years at 170°). This difference is due to 
enhanced rate of S' formation in the MMC resulting from the enhanced dislocation density in the 
MMC. This point illustrates that the generation of dislocations by pre-stressing prior to ageing, 
which leads to standard commercial T8 type tempers, is an essential step in the processing of 
monolithic 8090 alloys, because: 
i. It assures that significant precipitation strengthening can be achieved in a commercially 
acceptable ageing time. 
ii. The enhanced formation of the non-shearable S' precipitates during ageing, which results from 
this pre-stressing, reduces the propensity of heterogeneous deformation by slip banding in 
aged alloys. 
 
In Fig. 5 the predicted proof stress for the 8090 MMC is compared with the proof stress of the Al-
rich phase with precipitates, the yield stress of the PFZ and the proof stress of the composite in the 
absence of a PFZ (i.e. a hypothetical MMC in which no PFZ forms). This figure shows that the time 
for peak ageing of the 8090 MMC is mainly related to (over-)ageing due to the coarsening of 
precipitates. The development of the PFZs around the ceramic reinforcement strongly reduces the 
strength of the MMC, but, as this reduction mostly occurs before peak strength is reached, PFZ 
formation has little effect on the time for peak ageing of the 8090 MMC.  
 
As a result of the formation of the PFZ, the strengthening effect of ceramic reinforcement becomes 
time-dependent, and can be divided into 4 regimes (Fig. 5):  
• Initially (up to about 0.3 h ageing at 170°C) the size of the PFZ and the strength difference with 
the rest of the matrix is too small for the PFZ to have any influence on strengthening. 
• As, due to precipitation, the strength difference increases, whilst the PFZ grows relatively fast, 
the strengthening due to the reinforcement becomes less effective (0.3 to 5 h ageing). 
• In the third regime (about 5 to 20 h ageing) the strengthening due to the reinforcement stabilises 
as a result of the combination of two effects: i) due to the t1/2 growth law, the PFZ growth slows 
down, ii) the PFZ hardens somewhat as a result of S' formation. For the 8090 MMC the 
effective strengthening due to the ‘reinforcement’ becomes negligible in this regime.  
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• Finally, in the overaged 8090 MMC the strengthening due to the ‘reinforcement’ becomes more 
effective again. This is mainly due to the strength difference between matrix and PFZ reducing 
again as a result of matrix overageing. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4 Contributions of the various precipitates/zones to the CRSS of the grains in the monolithic 
8090 and the 8090 MMC.  PPT = total CRSS of the grains. 
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Fig. 5 The predicted proof stress for the 8090 MMC compared with proof stress predictions for:  
i) the Al-rich phase (including hardening precipitates),  
ii) the composite in the absence of a PFZ, 
iii) the PFZ (i.e. the Al-rich material adjacent to the SiC particle which is depleted in δ'). 
 
 
The overall effect of PFZ development is that it mitigates the strengthening increase due to 
precipitation hardening of the matrix. Fig. 5 further illustrates that the development of the PFZ 
causes the peak strength of the MMC to be much lower than the strength that is reached in the 
hypothetical 8090 MMC without PFZ. Thus the 8090 MMC never reaches the full potential 
strength that might be expected on the basis of the precipitation hardened matrix combined with 
effective load transfer to the reinforcement. Fig. 5 indicates that in terms of the strength, the 
addition of ceramic particles to the 8090 alloy is only effective if the MMC is to be used in a very 
much underaged condition (less than 2 h ageing at 170°C) or in an overaged condition. 
 
 
Summary 
 
A detailed model for the strengthening of monolithic alloys and composites has been presented. The 
model incorporates precipitation strengthening, solution strengthening by dissolved atoms, grain 
and subgrain strengthening, strengthening by dislocations and load transfer to ceramic inclusion, 
and it includes a new description for the effect of a precipitate free zone (PFZ) around the 
reinforcing phase. The model has been successfully applied to model the measured yield strengths 
of four Al-Li-Cu-Mg type alloys and composites. This work has shown: 
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• The main factors involved in strengthening of monolithic 8090 type alloys are δ' and GPB zone 
formation whilst S' formation contributes only in the later stages of ageing. Heterogeneous 
deformation due to low amounts of S' phase causes a reduced yield strength as a result of a low 
M factor.  
• The main factors involved in strengthening of 8090 type MMCs are δ', GPB zone and S' 
formation and load transfer to ceramic inclusions.  
• In all alloys aged at 170°C strengthening due to GPB zones is more important than 
strengthening due to δ' (Al3Li) phase. 
• In the 8090 MMC formation of PFZs around ceramic reinforcements reduces the proof stress by 
up to 100 MPa. PFZs do not significantly alter the time needed to reach peak strength.  
 
 
 
List of symbols 
 
The following symbols have been used in the present paper and the companion paper [19]. In 
brackets values used in the preferred set of parameters are given. 
 
ΔQGPB,d  heat evolution due to GPB-zone dissolution 
ΔQS',p  heat evolution due to S' precipitation 
ΔQδ',d  heat evolution due to δ' dissolution 
ΔHGPB  heat of formation of GPB zones  
ΔHS'  heat of formation of S' phase  
ΔHδ'  heat of formation of δ' phase 
n Avrami exponent (or reaction exponent) 
ηi impingement factor 
f volume fraction of precipitates in matrix 
c concentration of atoms in Al-rich phase 
σ0.2 0.2% proof stress 
σy yield stress 
ε strain 
sr aspect ratio of reinforcing ceramic phase 
lr length of reinforcing ceramic phase in the direction of the tensile stress 
fr volume fraction of reinforcing ceramic phase 
dg average grain size 
dsg average subgrain size 
dPFZ width of PFZ 
MT Taylor factor 
MS Sachs factor 
MMMC Effective M factor for MMCs (2.24) 
b Burger’s vector (0.2864 nm) 
τ Critical resolved shear stress (CRSS) 
Δτsol,size CRSS increment due to dissolved atoms resulting from the size effect 
Δτsol,mod CRSS increment due to dissolved atoms resulting from the modulus effect 
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Δτsol,SRO CRSS increment due to dissolved atoms resulting from SRO 
Δτord,ua CRSS increment due to order strengthening in the underaged condition 
Δτord,pa CRSS increment due to order strengthening in the peak aged condition 
Δτdis CRSS increment due to dispersion strengthening 
Δτmod CRSS increment due to modulus strengthening 
Γ line tension of dislocation  
γAPB anti-phase boundary energy (of the δ' phase)   (0.118 J/m2 [27,28]) 
G shear modulus 
GGPB shear modulus of GPB zones (38.8 GPa) 
GCu shear modulus of copper (48.3 GPa [63]) 
GMg shear modulus of magnesium (17.3 GPa [63]) 
GAl shear modulus of aluminium (26.2 GPa [63]) 
Em modulus of elasticity of matrix (74 GPa (Al)) 
Er modulus of elasticity of reinforcement (450 GPa (SiC)) 
q exponent for superposition of grain strengthening components 
qppt q for superposition of various precipitates (1.4 [16]) 
qzone q for superposition of precipitates and zones (1.23) 
qss q for superposition of various types of dissolved atoms (1) 
qss&ppt q for superposition of precipitate/zone and dissolved atoms  (1.23 [4]) 
Δα difference in CTE between matrix and ceramic reinforcement (2 10-5 K-1) 
K  strain hardening factor 
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